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Abstract: We compute the master integrals for two-loop QCD corrections to quasi par-
ton distribution functions (PDFs) in large momentum effective theory. Analytical results
of the master integrals are derived using the method of differential equations, along with
a proper choice of canonical basis. The results of master integrals are expressed in terms
of Goncharov polylogarithms. These integrals allow to extract the two-loop short-distance
matching coefficients between quasi and light cone PDFs in large momentum effective the-
ory, and are helpful to extract the nucleon PDFs from first principles.
Keywords: Feynman integrals, Multi-loop calculations, Goncharov Polylogarithms, Di-
mensional regularization, Quasi PDFs
Contents
1 Introduction 1
2 Notations and kinematics 2
3 The canonical basis 4
4 Analytic results and validations 10
4.1 Results for off-shell quarks 10
4.2 Results for on-shell quarks 13
4.3 Validations 14
5 Discussions and conclusions 15
1 Introduction
In many processes at high energy, predictions for physical observables like cross sections
are usually made on the basis of the factorization, in which the amplitude is split into the
perturbative coefficient and the low-energy matrix elements. While the perturbative coeffi-
cient characterizes the short-distance degrees of freedom, the long-distance inputs, parton
distribution functions (PDFs) and others, describe the longitudinal momentum distribution
of unpolarized/polarized partons inside a hadron. These partons move nearly at the speed
of light, and thereby it is extremely difficult to directly calculate them from first-principles
of QCD, Lattice QCD. Previous attempts in Lattice QCD based on the operator product
expansion were successful for the lowest few moments of the light cone PDFs [1], but stud-
ies of higher moments suffer from significantly large noises in the simulation. Recently a
breakthrough was made in Ref. [2, 3], and now formulated as the large momentum effective
theory (LaMET). In this framework, it is proposed that instead of calculating the light cone
PDFs one can explore the equal-time correlators on the Lattice. Under the large Lorentz
boost the equal-time correlators approach light cone quantities including PDFs, while their
ultraviolet behaviors are compensated by the short-distance and perturbatively calculable
coefficients. In the same spirit, other proposals like the “good lattice cross-seciton” [4, 5]
and Ioffe-time “pseudo-distributions” [6] are also given in recent years.
In LaMET, the equal-time correlations, named as quasi observables, are introduced
and can be directly simulated on the Lattice. The quasi and light cone distributions share
the same infrared structures, and thus a hard-collinear factorization can be established. By
the factorization procedure, quasi PDFs are expressed as a convolution of the light cone
PDFs with the perturbative kernels. Many remarkable progresses have been made in this
framework [7–64], and fairly good results consistent with the phenomenological fitted results
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extracted from the experiments [65] are obtained (see Refs. [66, 67] for recent reviews). In
Ref. [63], we have for the first time calculated a next-to-next-to-leading order calculation
for the flavor non-diagonal quark contributions to the quark quasi distribution functions
and validated the factorization scheme at NNLO accuracy. It is also anticipated that with
the increase of computing resources and the development of various techniques in future,
Lattice simulations of quasi distributions will gradually become accurate and precision
may reach an unprecedented level. On the other hand, most of the current extractions
of light cone PDFs are based on perturbative kernels at one-loop accuracy, and thus to
further reduce theoretical uncertainties, the next-to-next-to-leading order predictions of
the matching coefficients are inevitably requested.
Unravelling the mathematical structure of Feynman integrals will be important to deal
with the complexity of their calculation and help us obtain a better understanding of the
structure of perturbative quantum field theory. The study of the mathematical properties
of Feynman integrals has attracted increasing attention, and significant progresses were
achieved in understanding the analytical computation of multi-loop Feynman integrals in
the last years. One of the most powerful methods to evaluate the master integrals an-
alytically is the method of differential equations [68–72]. Along with the recent years’
developments [73–76], this method is becoming more and more powerful. It is pointed out
by in Ref. [73] by Henn that for a generic multi-loop calculation, a suitable basis (canonical
basis) of master integrals can be chosen, so that the corresponding differential equations are
greatly simplified, and their iterative solutions become straightforward in terms of dimen-
sional regularization parameter ǫ = 4−D
2
. The choice of canonical basis will also simplify
the determination of boundary conditions significantly.
In this work, we will calculate the two-loop Feynman integrals of QCD corrections to
quasi PDFs. With the integration-by-parts (IBP) techniques, all the two-loop Feynman
diagrams of quasi PDFs can be reduced into a set of integrals called master integrals. We
find that the master integrals can be classified into three families. The aim of this paper
is to present the analytical calculation of these master integrals for the two-loop quasi
PDFs. In doing it, we will adopt method of differential equations along with the choice of
canonical basis to calculate all master integrals. In Sec. 2, we will set up the notations and
conventions. Sec. 3 is devoted to the canonical basis of the integrals. Sec. 4 contains the
analytical results and some validations. A brief summary is given in the last section.
2 Notations and kinematics
The quasi-PDF for quarks is defined as:
f˜qi/H(x, µ, P
z) = N
∫
dz
4π
eizxP
z〈P |qi(z)ΓW (z, 0)qi(0)|P 〉, (2.1)
with N being the normalization factor. The qi is the quark field and W (z, 0) is the Wilson
line from 0 to z to maintain the gauge invariance. The gluon quasi-PDFs can also be defined
similarly.
In momentum space, the amplitudes for two-loop corrections to quasi-PDFs contain a
delta function arising from the Fourier transformation of z as shown in Eq. (2.1). In order
– 2 –
to use the integration-by-parts(IBP) relations and reduce the amplitude, we use the identity
δ(kz − xpz) = 1
2πi
(
1
kz − xpz − i0 −
1
kz − xpz + i0) (2.2)
to transform the delta function into linear propagators.
All the involved integrals can be expressed by following three family of integrals, and
they can be parameterized by
I1n1,n2,...,n7 =
∫
DDk1DDk2 1
(P1 + i0)n1(P2 + i0)n2(P3 + i0)n3(P4 + i0)n4(P5 + i0)n5
× 1
2πi
(
1
(P6 + i0)n6
− 1
(P6 − i0)n6 )
1
2
(
1
(P7 + i0)n7
+
1
(P7 − i0)n7 ), (2.3)
with
P1 = k
2
1 , P2 = k
2
2,
P3 = (k2 − p1)2, P4 = (k1 + k2)2,
P5 = (k1 + k2 − p1)2, P6 = n1 · k1 + xpz,
P7 = n1 · k2. (2.4)
I2n1,n2,...,n7 =
∫
DDk1DDk2 1
(A1 + i0)n1(A2 + i0)n2(A3 + i0)n3(A4 + i0)n4(A5 + i0)n5
× 1
2πi
(
1
(A6 + i0)n6
− 1
(A6 − i0)n6 )
1
2
(
1
(A7 + i0)n7
+
1
(A7 − i0)n7 ), (2.5)
with
A1 = k
2
1, A2 = k
2
2,
A3 = (k2 − p1)2, A4 = (k1 + k2)2,
A5 = (k1 + k2 − p1)2, A6 = n1 · k1 + n1 · k2 + xpz,
A7 = n1 · k2. (2.6)
I3n1,n2,...,n7 =
∫
DDk1DDk2 1
(B1 + i0)n1(B2 + i0)n2(B3 + i0)n3(B4 + i0)n4(B7 + i0)n7
× 1
2πi
(
1
(B6 + i0)n6
− 1
(B6 − i0)n6 )
1
2
(
1
(B5 + i0)n5
+
1
(B5 − i0)n5 ), (2.7)
with
B1 = k
2
1 , B2 = k
2
2 ,
B3 = (k1 − p1)2, B4 = (k2 + p1)2,
B5 = n1 · (k2 − k1 + p1), B6 = n1 · k1 + xpz,
B7 = (k2 − k1 + p1)2. (2.8)
– 3 –
As for p21 ≤ 0(space like and light like), all the integrals defined above are real. The
momentum can be parameterized as p1 = (p0,
−→
0 D−2, pz) and n1 = (0,
−→
0 D−2, 1). The
integration measure is defined as
DDki = 1
iπD/2e−γEǫ
(
p2z
µ2
)ǫ
dDki , (2.9)
and D = 4− 2ǫ.
After algebraic manipulation and simplification of the Feynman amplitudes, we met
with plenty of tensor integrals. We use FIRE packages[77–79] to perform the IBP reduc-
tions for all the integrals. All integrals appear in the amplitude manipulation can be reduced
to set of integrals called master integrals. The first famliy contains 36 linear independent
master integrals, while the second and third family contain 32 and 28 integrals, respectively.
To obtain the analytic results for them, we apply method of differential equations along
with the choice of canonical basis to calculate them, which will be discussed in following
sections.
3 The canonical basis
In this section, we show the canonical basis for three families of master integrals.
For the first family, after IBP reduction, we obtain 36 independent master integrals.
Following the strategy proposed by Henn [73], we find a group of basis that are linear
functions of the master integrals. The vector of canonical basis g1 is built up with 36
functions g1i (x, z, ǫ)(i = 1 . . . 36), defined in terms of the linear combinations of 36 master
integrals:
g11 = ǫ(x+ 1)pzI
1
0,0,2,2,0,1,0 ,
g12 = ǫxpzI
1
0,2,0,2,0,1,0 ,
g13 = ǫ(x− 1)pzI10,2,0,0,2,1,0 ,
g14 = ǫxpzp
2
1I
1
2,2,1,0,0,1,0 ,
g15 = ǫ
2
√
p2
1
+ p2zI
1
0,1,1,0,2,1,0 ,
g16 = ǫ(p
2
1 − 4x(x− 1)p2z)I10,1,1,0,2,2,0 + 8ǫ2(2x− 1)pzI10,1,1,0,2,1,0
+ ǫ(x− 1)pzI10,2,0,0,2,1,0 + ǫxpzI10,2,0,2,0,1,0 ,
g17 = ǫ
2
√
p2
1
+ p2zI
1
1,1,0,0,2,1,0 ,
g18 = ǫ(p
2
1 − 4x(x− 1)p2z)I11,1,0,0,2,2,0 + 6ǫ2(2x− 1)pzI11,1,0,0,2,1,0 ,
g19 = ǫ
2
√
p2
1
+ p2zI
1
0,1,1,2,0,1,0 ,
g110 = ǫ(p
2
1 − 4x(x+ 1)p2z)I10,1,1,2,0,2,0 + 8ǫ2(2x+ 1)pzI10,1,1,2,0,1,0
+ ǫ(x+ 1)pzI
1
0,0,2,2,0,1,0 + ǫxpzI
1
0,2,0,2,0,1,0 ,
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g111 = ǫ
2
√
p2
1
+ p2zI
1
1,0,2,1,0,1,0 ,
g112 = ǫ(p
2
1 − 4x(x+ 1)p2z)I11,0,2,1,0,2,0 + 6ǫ2(2x+ 1)pzI11,0,2,1,0,1,0 ,
g113 = ǫ
3
√
p2
1
+ p2zI
1
1,1,1,0,1,1,0 ,
g114 = ǫ
3
√
p2
1
+ p2zI
1
1,1,1,1,0,1,0 ,
g115 = ǫ
2(p21 + p
2
z)I
1
0,1,1,1,1,2,0 ,
g116 = ǫ
2
√
p2
1
+ p2z(xpzI
1
0,1,1,1,1,2,0 + (1− 4ǫ)I10,1,1,1,1,1,0) ,
g117 = ǫ
2
√
p2
1
+ p2z(
pz
2
I10,1,1,1,1,2,0 + p
2
1I
1
0,2,1,1,1,1,0) ,
g118 = ǫx(x− 1)p2zI12,0,0,0,2,1,1 ,
g119 = ǫx
2p2zI
1
2,0,0,2,0,1,1 ,
g120 = ǫxp
2
zI
1
2,0,2,0,0,1,1 ,
g121 = ǫpzI
1
0,0,2,0,1,2,1 ,
g122 = ǫpzI
1
0,0,2,1,0,2,1 ,
g123 = ǫ
2x pz
√
p2
1
+ p2zI
1
0,1,1,2,0,1,1 ,
g124 = ǫ
2
√
p2
1
+ p2zI
1
1,0,1,1,0,2,1 ,
g125 = ǫ
2pz
√
p2
1
+ p2zI
1
1,0,2,1,0,1,1 ,
g126 = ǫ
2xpz
√
p2
1
+ p2zI
1
2,0,1,1,0,1,1 ,
g127 = ǫ
2(x pzI
1
1,0,1,1,0,2,1 − 2pzI11,0,2,1,0,1,0
− 2p2zI11,0,2,1,0,1,1 + (1− 6ǫ)I11,0,1,1,0,1,1) ,
g128 = ǫ
2
√
p2
1
+ p2zI
1
1,1,0,0,1,1,2 ,
g129 = ǫ
2
√
p2
1
+ p2zI
1
1,1,0,0,1,2,1 ,
g130 = ǫ
2(pzx I
1
1,1,0,0,1,2,1 − pzI11,1,0,0,1,1,2 + 2pzI11,1,0,0,2,1,0 + (1− 6ǫ)I11,1,0,0,1,1,1) ,
g131 = ǫ
2
√
p2
1
+ p2zI
1
1,1,1,0,0,2,1 ,
g132 = ǫ
2(1− 2ǫ)
√
p2
1
+ p2z
pzx
I11,0,0,1,1,1,1 ,
g133 = ǫ
2
√
p2
1
+ p2zI
1
0,1,1,0,1,2,1 ,
g134 = ǫ
2pz
√
p2
1
+ p2zI
1
0,0,2,1,1,1,1 ,
g135 = ǫ
3(p21 + p
2
z)I
1
0,1,1,1,1,1,1 ,
g136 = ǫ
3p21x pz
√
p2
1
+ p2zI
1
1,1,1,1,1,1,1 . (3.1)
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In above equation, p21 = p1 · p1 = p20 − p2z. To rationalize the squared root
√
p2
1
+ p2z
appear in the canonical basis, we define a dimensionless parameter z =
√
p2
1
+p2
z
pz
= p0pz that
is convenient to express the analytic results. The differential equations for the canonical
basis of first family can then be obtained and expressed as
d g1(x, z; ǫ) = ǫ d M˜(x, z)g1(x, z; ǫ) , (3.2)
with
M˜(x, z) = M1 ln(z) +M2 ln(z − 1) +M3 ln(z + 1) +M4 ln(z − 2x+ 1)
+ M5 ln(z + 2x− 1) +M6 ln(z − 2x− 1) +M7 ln(z + 2x+ 1)
+ M8 ln(z − x) +M9 ln(z + x) +M10 ln(x− 1) +M11 ln(x) +M12 ln(x+ 1) .
(3.3)
The Mi are 36×36 rational matrices and they are presented in ancillary files that we submit
to the arXiv.
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The canonical basis g2i (x, z, ǫ)(i = 1 . . . 32) for the second family is :
g21 = ǫxpzI
2
2,2,0,0,0,1,0 ,
g22 = ǫ(x− 1)pzI22,0,2,0,0,1,0 ,
g23 = ǫ(x− 1)pzI20,0,2,0,2,1,1 ,
g24 = ǫx p
2
zI
2
0,0,2,2,0,1,1 ,
g25 = ǫ(x− 1)pzp21I20,2,1,0,2,1,0 ,
g26 = ǫx pzp
2
1I
2
0,2,1,2,0,1,0 ,
g27 = ǫx(x− 1)p2zI22,0,0,0,2,1,1 ,
g28 = ǫx
2p2zI
2
2,0,0,2,0,1,1 ,
g29 = ǫpzI
2
1,0,2,0,0,2,1 ,
g210 = ǫ
2
√
p2
1
+ p2zI
2
1,0,2,1,0,1,0 ,
g211 = ǫ(p
2
1 − 4x(x− 1)p2z)I21,0,2,1,0,2,0 + 6ǫ2(2x− 1)pzI21,0,2,1,0,1,0 ,
g212 = ǫ
2
√
p2
1
+ p2zI
2
1,2,0,0,1,1,0 ,
g213 = ǫ(p
2
1 − 4x(x− 1)p2z)I21,2,0,0,1,2,0 + 6ǫ2(2x− 1)pzI21,2,0,0,1,1,0 ,
g214 = ǫ
2
√
p2
1
+ p2zI
2
2,1,1,0,0,1,0 ,
g215 = ǫ(p
2
1 − 4x(x− 1)p2z)I22,1,1,0,0,2,0 + 8ǫ2(2x− 1)pzI22,1,1,0,0,1,0
+ ǫxpzI
2
2,2,0,0,0,1,0 + ǫ(x− 1)pzI22,0,2,0,0,1,0 ,
g216 = ǫ
2
√
p2
1
+ p2zI
2
1,1,0,0,1,2,1 ,
g217 = ǫ
2x pz
√
p2
1
+ p2zI
2
2,1,0,0,1,1,1 ,
g218 = ǫ
2((1− 6ǫ)I21,1,0,0,1,1,1 + (x− 1)pzI21,1,0,0,1,2,1
− 2pzI21,2,0,0,1,1,0 − 2xp2zI22,1,0,0,1,1,1) ,
g219 = ǫ
2
√
p2
1
+ p2zI
2
1,0,1,1,0,2,1 ,
g220 = ǫ
2x pz
√
p2
1
+ p2zI
2
1,0,1,2,0,1,1 ,
g221 = ǫ
2pz
√
p2
1
+ p2zI
2
1,0,2,1,0,1,1 ,
g222 = ǫ
2((1− 6ǫ)I21,0,1,1,0,1,1 + xpzI21,0,1,1,0,2,1
− 2p2zI21,0,2,1,0,1,1 − 2pzI21,0,2,1,0,1,0) ,
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g223 = ǫ
2x pz
√
p2
1
+ p2zI
2
2,1,1,0,0,1,1 ,
g224 = ǫ
2(x− 1)pz
√
p2
1
+ p2zI
2
0,1,1,0,2,1,1 ,
g225 = ǫ
2(x− 1)pz
√
p2
1
+ p2zI
2
1,1,1,0,1,2,0 ,
g226 = ǫ
2x pz
√
p2
1
+ p2zI
2
2,0,0,1,1,1,1 ,
g227 = ǫ
2x pz
√
p2
1
+ p2zI
2
1,1,1,1,0,2,0 ,
g228 = ǫ
2x pz
√
p2
1
+ p2zI
2
0,1,1,2,0,1,1 ,
g229 = ǫ
2p21
√
p2
1
+ p2zI
2
0,2,1,1,1,1,0 ,
g230 = ǫ
2pz
√
p2
1
+ p2zI
2
0,0,2,1,1,1,1 ,
g231 = ǫ
3(p21 + p
2
z)I
2
0,1,1,1,1,1,1 ,
g232 = ǫ
3x p21pz
√
p2
1
+ p2zI
2
1,1,1,1,1,1,1 . (3.4)
The differential equations for above canonical basis can be expressed as
d g2(x, z; ǫ) = ǫ d N˜(x, z)g2(x, z; ǫ) , (3.5)
with
N˜(x, z) = N1 ln(z) + N2 ln(z − 1) + N3 ln(z + 1) + N4 ln(z − 2x+ 1) + N5 ln(z + 2x− 1)
+ N6 ln(z − 2x− 1) + N7 ln(z + 2x+ 1) + N8 ln(x− 1) +N9 ln(x) , (3.6)
where Ni are 32× 32 rational matrices.
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For family 3, the canonical basis g3i (x, z, ǫ)(i = 1 . . . 28) could be expressed as
g31 = ǫx(1− x)p2zI30,0,2,2,1,1,0 ,
g32 = ǫ(1− x)2p2zI30,2,2,0,1,1,0 ,
g33 = ǫ(x− 1)p21pzI30,2,2,1,0,1,0 ,
g34 = ǫx
2p2zI
3
2,0,0,2,1,1,0 ,
g35 = ǫx(1− x)p2zI32,2,0,0,1,1,0 ,
g36 = ǫx p
2
1pzI
3
2,2,0,1,0,1,0 ,
g37 = ǫ
2 (1− 2ǫ)
√
p2
1
+ p2z
(1− x)pz I
3
0,1,1,1,1,1,0 ,
g38 = ǫ
2 (1− 2ǫ)
√
p2
1
+ p2z
xpz
I31,0,1,1,1,1,0 ,
g39 = ǫ
2 (1− 2ǫ)
√
p2
1
+ p2z
xpz
I31,1,0,1,1,1,0 ,
g310 = ǫ
2 (1− 2ǫ)
√
p2
1
+ p2z
(1− x)pz I
3
1,1,1,0,1,1,0 ,
g311 = ǫ
2(1− 2ǫ)
√
p2
1
+ p2zI
3
1,1,1,1,0,1,0 ,
g312 = ǫ
3(p21 + p
2
z)I
3
1,1,1,1,1,1,0 ,
g313 = ǫxpzI
3
0,0,0,2,0,1,2 ,
g314 = ǫ(x− 1)pzI30,2,0,0,0,1,2 ,
g315 = ǫ
2
√
p2
1
+ p2zI
3
0,0,1,2,0,1,1 ,
g316 = ǫ(p
2
1 − 4x(x− 1)p2z)I30,0,1,2,0,2,1 + 6ǫ2(2x− 1)pzI30,0,1,2,0,1,1 ,
g317 = ǫ
2
√
p2
1
+ p2zI
3
0,1,0,1,0,1,2 ,
g318 = ǫ(p
2
1 − 4x(x− 1)p2z)I30,1,0,1,0,2,2 + 8ǫ2(2x− 1)pzI30,1,0,1,0,1,2
+ ǫxI30,0,0,2,0,1,2 + ǫ(x− 1)I30,2,0,0,0,1,2 ,
g319 = ǫ
2
√
p2
1
+ p2zI
3
1,2,0,0,0,1,1 ,
g320 = ǫ(p
2
1 − 4x(x− 1)p2z)I31,2,0,0,0,2,1 + 6ǫ2(2x− 1)pzI31,2,0,0,0,1,1 ,
g321 = ǫ
2
√
p2
1
+ p2zI
3
0,1,1,1,0,1,1 ,
g322 = ǫ
2
√
p2
1
+ p2zI
3
1,1,0,0,2,1,1 ,
g323 = ǫ
2
√
p2
1
+ p2zI
3
1,1,0,0,1,2,1 ,
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g324 = ǫ
2((1− 6ǫ)I31,1,0,0,1,1,1 + xpzI31,1,0,0,1,2,1
− pzI31,1,0,0,2,1,1 + 2pzI31,2,0,0,0,1,1) ,
g325 = ǫ
2x
√
p2
1
+ p2zI
3
0,0,1,2,1,1,1 ,
g326 = ǫ
2
√
p2
1
+ p2zI
3
0,0,1,1,1,2,1 ,
g327 = ǫ
2((1− 6ǫ)I30,0,1,1,1,1,1 + (x− 1)pzI30,0,1,1,1,2,1
+ 2pzI
3
0,0,1,2,0,1,1 − 2xp2zI30,0,1,2,1,1,1) ,
g328 = ǫ
3
√
p2
1
+ p2zI
3
1,1,0,1,0,1,1 . (3.7)
The corresponding differential equations for canonical basis of the third family can be
formulated as
d g3(x, z; ǫ) = ǫ d L˜(x, z)g3(x, z; ǫ) , (3.8)
with
L˜(x, z) = L1 ln(z) + L2 ln(z − 1) + L3 ln(z + 1) + L4 ln(z − 2x+ 1)
+ L5 ln(z + 2x− 1) + L6 ln(x− 1) + L7 ln(x) , (3.9)
where Li are 28× 28 rational matrices.
All the rational matrices (Mi,Ni,Li) are presented in ancillary files that we submit to
the arXiv .
4 Analytic results and validations
4.1 Results for off-shell quarks
In order to obtain the analytic results from the canonical differential equations, one has
to determine the boundary conditions first. The results for (g11 , g
1
2 , g
1
3 , g
1
4 , g
1
18, g
1
19, g
1
20),
(g21 , g
2
2 , g
2
3 , g
2
4 , g
2
5 , g
2
6 , g
2
7 , g
2
8) and (g
3
1 , g
3
2 , g
3
3 , g
3
4 , g
3
5 , g
3
6 , g
3
13, g
3
14) can straightforwardly be ob-
tained by performing the integration directly. For reader’s convenience we show the results
of g11 , g
1
2 , g
1
3 as below:
g11 = Sgn(x+ 1)
( − 2 + ǫ[4 ln(4(x + 1)2)]− 1
3
ǫ2[12 ln((x+ 1)2) ln(16(x+ 1)2)
+ 5π2 + 12 ln2(4)
]
+O(ǫ3)),
g12 = Sgn(x)
(− 2 + ǫ[4 ln(4x2)]− 1
3
ǫ2[12 ln(x2) ln(16x2)
+ 5π2 + 12 ln2(4)
]
+O(ǫ3)),
g13 = Sgn(x− 1)
( − 2 + ǫ[4 ln(4(x − 1)2)]− 1
3
ǫ2[12 ln((x− 1)2) ln(16(x− 1)2)
+ 5π2 + 12 ln2(4)
]
+O(ǫ3)). (4.1)
The above results are available for all range of of x (−∞ < x <∞).
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Since all the integrals we calculate are regular at p21 = −p2z(z = 0), and noticing the
normalization factor
√
p2
1
+ p2z or (p
2
1 + p
2
z) equal to 0 at p
2
1 = −p2z, one can determine the
boundary conditions of integrals that with normalization factor
√
p2
1
+ p2z or (p
2
1 + p
2
z). For
other integrals without prefactor
√
p2
1
+ p2z or (p
2
1 + p
2
z), they have different singularity be-
haviors at different range of x, and the boundary conditions should be determined carefully
for different range of x. For illustration, we consider basis g17 and g
1
8 , and the differential
equations for them are
∂g17
∂z
=
ǫ
4
(
8g17
z
− 6g
1
7 − g18
z − 2x+ 1 −
6g17 + g
1
8
z + 2x− 1 +
2g13 − 6g17 + g18
z − 1 −
2g13 + 6g
1
7 + g
1
8
z + 1
),
∂g18
∂z
=
ǫ
2
(
6g17 − g18
z − 2x+ 1 −
6g17 + g
1
8
z + 2x− 1 +
−2g13 + 6g17 − g18
z − 1 −
2g13 + 6g
1
7 + g
1
8
z + 1
). (4.2)
All integrals do not have pole at p21 = −p2z(z = 0), and thus we can obtain that g17 = 0
at p21 = −p2z(z = 0). At physical region (0 < x < 1), the integrals (g17 , g18) are singular at
p21 = 0(z = 1) and regular at z = 2x − 1. From the differential equations above we can
obtain
6g17 − g18 = 0|z=2x−1. (4.3)
At other region of x(x > 1 , x < 0), the integrals are regular at z = 1 and singular at
z = 2x− 1, and thus we can obtain
−2g13 + 6g17 − g18 = 0|z=1. (4.4)
Then the boundary condition of g18 can be fixed.
Similar to the discussions above, all the remaining unknown boundary conditions can
be determined from regular conditions at z = {2x− 1, 2x+ 1, x, 1, 0}, respectively.
After determining all the boundary conditions, we can obtain the analytic results for
all integrals for all range of x. We calculate all the integrals up to weight-3, which are
mandatory for the involved two-loop corrections. For family-1, considering their boundary
conditions at different range of x, we divide the range of x into 4 regions (x < −1,−1 <
x < 0, 0 < x < 1, x > 1), for family 2 and 3, the range of x are divided into 3 regions
(x < 0, 0 < x < 1, x > 1).
For reader’s convenience, we show the analytic results of some typical integrals at
– 11 –
(0 < x < 1) as follows
g15 = ǫ
[
G1(z)−G−1(z)
]
+ ǫ2
[
2G1−2x,−1(z)− 2G1−2x,1(z) + 2G2x−1,−1(z)− 2G2x−1,1(z)
+ G−1,−1(z)−G−1,1(z)− 2G0,−1(z) + 2G0,1(z) +G1,−1(z)−G1,1(z)
+ (G−1(z)−G1(z))(ln(16x2) + ln((x− 1)2))
− (G1−2x(z)−G2x−1(z))(ln((x− 1)2)− ln(x2))
]
+O(ǫ3),
g17 = ǫ
[
G1(z)−G−1(z)
]
+ ǫ2
[
2G−1,−1(z)− 2G1,1(z)−G−1,1(z) +G1,−1(z)− 2G0,−1(z) + 2G0,1(z)
+ 2G1−2x,−1(z)−G1−2x,1(z) +G2x−1,−1(z)− 2G2x−1,1(z)
+ (G1(z)−G−1(z) +G2x−1(z)−G1−2x(z))(ln(2) + ln((x− 1)2))
− (G−1(z)−G1(z))(4 ln(2) + 2 ln((x− 1)2)− 1
2
ln(x2))
+
1
2
(G1−2x(z)−G2x−1(z)) ln(x2)
]
+O(ǫ3), (4.5)
g135 = ǫ
3
[
(ln(1− x)− ln(x) + ln(2x+ 1))(2G1,−1(z) + 2G−1,1(z) − 2G−1,−1(z)− 2G1,1(z))
+ (ln(1− x) + ln(x) + 2 ln(2x+ 1))(G1,2x−1(z) +G−1,1−2x(z)−G−1,2x−1(z) −G1,1−2x(z))
+ 2 ln(2x+ 1)(G1−2x,−x(z) +G2x−1,x(z) −G1,x(z)−G−1,−x(z))
+ (ln(1− x) + ln(x))(G2x−1,1(z)−G2x−1,−1(z) +G1−2x,−1(z) −G1−2x,1(z))
+ 3G−1,−1,−1(z) −G−1,−1,1(z)− 2G−1,−1,−2x−1(z)
− G−1,1,−1(z)−G−1,1,1(z) + 2G−1,1,−2x−1(z)−G−1,1−2x,−1(z)−G−1,1−2x,1(z)
+ 2G−1,1−2x,−2x−1(z) + 2G−1,−x,1(z)− 2G−1,−x,−2x−1(z) +G−1,2x−1,−1(z)
+ G−1,2x−1,1(z)− 2G−1,2x−1,2x+1(z)−G1,−1,−1(z)−G1,−1,1(z) + 2G1,−1,2x+1(z)
− G1,1,−1(z) + 3G1,1,1(z)− 2G1,1,2x+1(z) +G1,1−2x,−1(z) +G1,1−2x,1(z)
− 2G1,1−2x,−2x−1(z) + 2G1,x,−1(z)− 2G1,x,2x+1(z)−G1,2x−1,−1(z)
− G1,2x−1,1(z) + 2G1,2x−1,2x+1(z)− 2G1−2x,−1,−1(z) + 2G1−2x,−1,1(z)
− 2G1−2x,1,−2x−1(z) + 2G1−2x,1,2x+1(z)− 2G1−2x,−x,1(z) + 2G1−2x,−x,−2x−1(z)
+ 2G2x−1,−1,−2x−1(z) − 2G2x−1,−1,2x+1(z) + 2G2x−1,1,−1(z) − 2G2x−1,1,1(z)
− 2G2x−1,x,−1(z) + 2G2x−1,x,2x+1(z)
]
+O(ǫ4). (4.6)
The Goncharov polylogarithms (GPLs) [80] in above expressions are defined as follow
Ga1,a2,...,an(x) ≡
∫ x
0
dt
t− a1Ga2,...,an(x) , (4.7)
G−→
0 n
(x) ≡ 1
n!
lnn x . (4.8)
These functions can be viewed as a special case belonging to a more general type
of integrals called Chen-iterated integrals [81]. When all the index ai belong to the set
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{0,±1}, the Goncharov polylogarithms can be transformed into the well-known Harmonic
polylogarithms (HPLs) [82] as
H−→
0 n
(x) = G−→
0 n
(x) , (4.9)
Ha1,a2,...,an(x) = (−1)kGa1,a2,...,an(x), (4.10)
where k equals to the times of element (+1) taken in (a1, a2, . . . , an) .
The GPLs fulfil the following shuffle rules
Ga1,...,am(x)Gb1,...,bn(x) =
∑
c∈aXb
Gc1,c2,...,cm+n(x) . (4.11)
Here, aXb is composed of the shuffle products of list a and b. It is defined as the set
of the lists containing all the elements of a and b, with the ordering of the elements of a
and b preserved. The GPLs and HPLs can be numerically evaluated within the GINAC
implementation [83, 84]. Mathematica package HPL [85, 86] is available to reduce and
evaluate the HPLs. Up to weight four, the GPLs and HPLs can be transformed to the
functions of ln,Lin and Li22 , with the algorithms and packages described in [87].
4.2 Results for on-shell quarks
To perform the matching between quasi and light cone PDFs, we will also need the integrals
results at p21 = 0(z = 1). In this section, we discuss the calculation of integrals for p
2
1 =
0(z = 1). For p21 = 0(z = 1), there are 14 independent integrals for family 1. There are 13
integrals for family 2, and 12 integrals for family 3. As some integrals such as g17 are singular
at p21 = 0(z = 1), we use the method described at [74] to extract their analytic results from
p21 6= 0(z 6= 1) . For p21 = 0(z = 1), we will need to calculate the linear independent basis
{
g11 , g
1
2 , g
1
3 , g
1
7 , g
1
11, g
1
18, g
1
19, g
1
20, g
1
21, g
1
22, g
1
24, g
1
25, g
1
28, g
1
29
}
,{
g21 , g
2
2 , g
2
3 , g
2
4 , g
2
7 , g
2
8 , g
2
9 , g
2
10, g
2
12, g
2
16, g
2
17, g
2
19, g
2
21
}
,{
g31 , g
3
2 , g
3
4 , g
3
5 , g
3
13, g
3
14, g
3
15, g
3
19, g
3
22, g
3
23, g
3
25, g
3
26
}
. (4.12)
For each family.
Here for illustration, we show the analytic results for g17 at (0 < x < 1) as
g17 |0<x<1 =
1
2
+ ǫ(−1
2
ln(x)− ln(1− x)− 2 ln(2))
+ ǫ2(
1
2
(2Li2(x) + 4 ln
2(1− x) + 8 ln(2) ln(1− x) + 3 ln
2(x)
2
+ 4 ln(2) ln(x))
+
5π2
12
+ 4 ln2(2)) + ǫ3
1
12
(−48Li3(1− x)− 36Li3(x)− 48Li2(x) ln(2− 2x)
− 96 ln2(2) ln(1− x)− 48 ln2(2) ln(x)− 96 ln(2) ln2(1− x)− 36 ln(2) ln2(x)
− 32 ln3(1− x)− 9 ln3(x)− 2π2 ln(1− x)− 24 ln2(1− x) ln(x)− 5π2 ln(x)
− 52ζ(3) − 64 ln3(2) − 20π2 ln(2)) +O(ǫ4), (4.13)
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while the analytic results for g17 at (x > 1) is
g17 |x>1 = ǫ(ln(x− 1)− ln(x))
+ ǫ2(Li2(
1
x
) + 2 ln2(x)− 2 ln2(x− 1) + 4 ln(2)(ln(x)− ln(x− 1)))
+ ǫ3(4Li3(
1
1− x) + 3Li3(
1
x
)− 4Li2( 1
x
) ln(2x− 2)− 2 ln3(x) + 2 ln3(x− 1)
+ 2 ln2(x− 1) ln(x)− 2 ln2(x) ln(x− 1)− 8 ln(2) ln2(x) + 8 ln(2) ln2(x− 1)
+ (
5
6
π2 + 8 ln2(2))(ln(x− 1)− ln(x))) +O(ǫ4), (4.14)
and the analytic results for g17 at (x < 0) is
g17 |x<0 = ǫ(ln(−x)− ln(1− x))
+ ǫ2(−Li2( 1
x
)− 2 ln2(−x) + 2 ln2(1− x) + 4 ln(2)(ln(1− x)− ln(−x)))
− ǫ3(4Li3( 1
1− x) + 3Li3(
1
x
)− 4Li2( 1
x
) ln(2− 2x)− 2 ln3(−x) + 2 ln3(1− x)
+ 2 ln2(1− x) ln(−x)− 2 ln2(−x) ln(1− x)− 8 ln(2) ln2(−x) + 8 ln(2) ln2(1− x)
+ (
5
6
π2 + 8 ln2(2))(ln(1− x)− ln(−x))) +O(ǫ4), (4.15)
The full results for all the integrals at all regions of x can be obtained upon requested
to the authors.
4.3 Validations
All the analytic results have been co-checked with numerical packages FIESTA [88, 89], and
perfect agreements have been found between numerical results and out analytic calculations.
Here for illustration, we show the test of integrals g17 = ǫ
2
√
p2
1
+ p2zI
1
1,1,0,0,2,1,0, the results
up to ǫ order at (p21 = −12 , x = 13 , pz = 1) is
Analytic:
I11,1,0,0,2,1,0 =
−2.492900960
ǫ
+ 0.4498613241 + ǫ(−21.287203876),
FIESTA:
I11,1,0,0,2,1,0 =
−2.49290 ± 0.0000652
ǫ
+ 0.449836 ± 0.000847 + ǫ(−21.2872 ± 0.004169).
For on-shell quark cases, the results for I11,1,0,0,2,1,0 at (p
2
1 = 0, x =
1
3
, pz = 1) have
1
ǫ2
pole and expressed as
Analytic:
I11,1,0,0,2,1,0 =
0.5
ǫ2
+
−0.4315231087
ǫ
+ 4.9871880743 + ǫ(−15.840344856),
FIESTA:
I11,1,0,0,2,1,0 =
0.5 ± 0.000017
ǫ2
+
−0.431509 ± 0.000130
ǫ
+ 4.98750 ± 0.001077
+ ǫ(−15.8377 ± 0.007512).
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the results at (p21 = 0, x = 1.35, pz = 1) is
Analytic:
I11,1,0,0,2,1,0 =
−1.349926717
ǫ
+ 2.680139987 + ǫ(−17.35111093),
FIESTA:
I11,1,0,0,2,1,0 =
−1.34992 ± 0.00004
ǫ
+ 2.68014 ± 0.00023 + ǫ(−17.3511 ± 0.0007).
the results at (p21 = 0, x = −0.35, pz = 1) is
Analytic:
I11,1,0,0,2,1,0 =
−1.349926717
ǫ
+ 3.591291058 + ǫ(−16.19882013),
FIESTA:
I11,1,0,0,2,1,0 =
−1.34993 ± 0.00003
ǫ
+ 3.59129 ± 0.00015 + ǫ(−16.1988 ± 0.0007).
We can see from the above comparisons that the numerical results calculated from packages
FIESTA with error estimates are perfectly agree to that precision with the numerical
results obtained from our analytic answer.
5 Discussions and conclusions
In summary, we have presented the calculations of two-loop master integrals of NNLO
corrections to quasi PDFs. Three families of master integrals are need to express all the
amplitudes. Making use of the method of differential equations along with the choice of
canonical basis, we obtain the analytical repressions for all the master integrals and express
them in terms of Goncharov polylogarithms amd polylogarithms. Our analytic results are in
agreement with the numerical results by FIESTA [88, 89] package in all range of x. These
two-loop master integrals are helpful to extract the two-loop matching coefficients between
quasi and light cone PDFs, and accordingly together with the Lattice QCD simulations
deepen understanding the light cone structures inside a hadron.
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